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1. TOM TAT NOI DUNG LUAN AN:

D6 thi tri thirc thoi gian (Temporal Knowledge Graph — TKG) mé rong d6 thi tri

thire truyén théng bang cach gin thong tin thoi gian vao cac quan hé va sy kién, cho
phép md hinh héa sy tién hoa cua tri thirc theo thdi gian. Ludn an nghién ctru bai todn
du doan su kién trén TKG, gSm hai 16p bai todn con c¢o lién hé chat ché: ndi suy —
hoan chinh cac sy kién hodc lién két con thiéu trong khoang thdi gian di quan sat; va
ngoai suy — du bao cac su kién xdy ra ngoai bién thoi gian da biét. Trén co s do,
luan 4n dé xuit ba mo hinh hoc biéu dién theo mdt mach théng nhat, di tir ndi suy dén
ngoai suy: (i) moé hinh khai thac khong gian s6 phirc kép va co ché quay dé biéu dién
d6ng thoi thyc thé, quan hé va thoi gian; (ii) mo hinh dya trén phan ri tensor két hop
co ché trong s6 thoi gian linh hoat; va (iii) mé hinh dya trén kién triic Transformer
két hop tich chap dd thi dé khai thac va ngoai suy cac sy kién lich st phuc vu du bao
tuong lai. Cac mo hinh dugc danh gia trén nhiéu bo dit liéu chuin theo cac do do
Mean Reciprocal Rank (MRR), Hits@k va Mean Absolute Error (MAE).

2. NHUNG KET QUA MOI CUA LUAN AN:

e Mo hinh TBicomR: mé hinh nhiing do thi tri thtrc thoi gian trén khong gian
sO phirc kép, biéu dién dong thoi thuc thé, quan hé va thoi gian bang co ché
quay, hop nhat phép quay tron va phép quay hyperbol trong mét biéu dién. Mo
hinh biéu dién dugc cac miu quan hé déi xting, phan ddi xung, nghich dao va
quan hé chu ky theo thoi gian véi d6 phire tap thoi gian tuyén tinh O(d); duoc
danh gia trén cac bo di licu ICEWS14, ICEWS05-15, GDELT, YAGO11k va
Wikidatal2k.
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e Mo hinh FTPComplEx: m6 hinh nhiing d6 thi tri thtrc thoi gian dwa trén phan
ra tensor, bd sung co ché trong sb thoi gian linh hoat v6i hai tham sb diéu
khién géc nhin thoi gian, cho phép diéu chinh mirc anh huéng cua thong tin
thoi gian theo dic diém timg b dit liéu, trong khi gitr 46 phuc tap twong duong
mé hinh nén TPComplEx. Trén bo dit licu YAGO15k, mo6 hinh cai thiecn MRR
khoang 9% va Hits@]1 khoang 11% so véi mo hinh nén dudi cing mot thiét
lap danh gia.

e Mo hinh HGCT (History Graph Convolution Transformer): mo hinh suy
luan dd thi tri thirc thoi gian cho bai toan ngoai suy, két hop Fact Graph
Transformer (khai thac cau tric do thi lich sir) véi Temporal Convolution
Transformer (ma hoa vi tri theo thoi gian, nam bt phu thuoc ngén han va dai
han) va bd gidi ma Query-ConvTransE. Trén sau bo dit liéu ICEWS14,
ICEWS18, ICEWS05-15, GDELT, YAGO va WIKI theo thiét 14p loc c6 nhan
biét thoi gian, mo hinh cai thién Hits@k khoang 4,33% va MRR khoang 3,84%
so voi phuong phap tién tién.

3. CAC UNG DUNG/KHA NANG UNG DUNG TRONG THUC TIEN HAY
NHUNG VAN PE CON BO NGO CAN TIEP TUC NGHIEN CUU:

Céc mo hinh dé xuit c6 kha ning Gmg dung trong cac linh vuc c6 dit liéu dong va
nhu ciu dy bao su kién theo thoi gian nhu tai chinh, y té, mang xa hoi, thuong mai
dién tr, an ninh mang va hd tro ra quyét dinh, phuc vu céac tac vu nhu dy bao xu
huéng, phat hién bat thudng, phan tich hanh vi va suy luén tri thire tir dit lidu lich su.
Cac hudng nghién ctru tiép theo bao gém: xur 1y dit liéu quy mo 16n, dit liéu nhiéu
hoic thiéu; hoc biéu dién trong méi trudng thoi gian lién tuc; nang cao kha nang giai
thich ctia mo hinh; t6i wu chi phi tinh toan; va két hop voi dir liéu da phuong thirc
cling nhu mo hinh ngdn ngfir 16n.
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1. SUMMARY:

Temporal Knowledge Graphs (TKGs) extend traditional knowledge graphs by
attaching temporal information to relations and events, enabling the modeling of how
knowledge evolves over time. This dissertation studies event prediction on TKGs,
which comprises two closely related sub-problems: interpolation — completing
missing events or links within the observed time range; and extrapolation —
forecasting events beyond the known temporal boundary. On this basis, the
dissertation proposes three representation-learning models forming a coherent
progression from interpolation to extrapolation: (i) a model that leverages the
bicomplex space and a rotation mechanism to jointly represent entities, relations, and
time; (i1) a model based on tensor factorization augmented with a flexible temporal-
weighting mechanism; and (iii) a model based on a Transformer architecture
combined with graph convolution to exploit and extrapolate historical events for
future forecasting. The models are evaluated on several benchmark datasets using
Mean Reciprocal Rank (MRR), Hits@k, and Mean Absolute Error (MAE).

2. NOVELTY OF THESIS:

e TBicomR: a temporal knowledge graph embedding model in the bicomplex
space that jointly represents entities, relations, and time through a rotation
mechanism, unifying circular and hyperbolic rotations within a single
representation. The model captures symmetric, antisymmetric, inverse, and

cyclic temporal relational patterns with linear time complexity O(d); it is
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evaluated on ICEWS14, ICEWSO05-15, GDELT, YAGOIllk, and
Wikidatal2k.

o FTPComplEx: a tensor-factorization—based temporal knowledge graph
embedding model that introduces a flexible temporal-weighting mechanism
with two time-perspective control parameters, allowing the influence of
temporal information to be adjusted according to the characteristics of each
dataset while keeping computational complexity comparable to the
TPComplEx baseline. On the YAGO15k dataset, the model improves MRR
by about 9% and Hits@1 by about 11% over the baseline under the same

evaluation setting.

e HGCT (History Graph Convolution Transformer): a temporal knowledge
graph reasoning model for the extrapolation task that combines a Fact Graph
Transformer (to exploit historical graph structure) with a Temporal
Convolution Transformer (temporal position encoding capturing short- and
long-term dependencies) and a Query-ConvTransE decoder. On six datasets
— ICEWS14, ICEWSI18, ICEWS05-15, GDELT, YAGO, and WIKI — under
the time-aware filtered setting, the model improves Hits@k by about 4.33%
and MRR by about 3.84% over the state-of-the-art.

3. APPLICATIONS / APPLICABILITY / PERSPECTIVE:

The proposed models are applicable to domains involving dynamic data and
temporal event forecasting, such as finance, healthcare, social networks, e-commerce,
cybersecurity, and decision support, serving tasks such as trend forecasting, anomaly
detection, behavior analysis, and knowledge reasoning from historical data. Future
research directions include handling large-scale, noisy, or incomplete data;
representation learning in continuous-time settings; improving model interpretability;
optimizing computational cost; and integrating multimodal data and large language

models.
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  ℒ = −   ∑  i = 1  N   [   y  i log ⁡ 𝜎 (   f  i ) + ( 1 −   y  i ) log ⁡ ( 1 − 𝜎 (   f  i ) ) ]


    y  i = 1


    y  i = 0


  𝜎 ( ⋅ )


  ℒ = −  log ⁡  𝜎  (   f + ) −   ∑  i = 1  N    p  i  log ⁡  𝜎  ( −   f  i − )


    p  i =   exp ⁡ ( 𝛼   f  i − )    ∑  j  exp ⁡ ( 𝛼   f  j − )


   ℒ  t o t a l = ℒ + 𝜆 ∥ Θ  ∥ 2 2


  Θ = { E , R , T }


  𝜆


  t


    m  t =   𝛽 1   m  t − 1 + ( 1 −   𝛽 1 )   g  t


    v  t =   𝛽 2   v  t − 1 + ( 1 −   𝛽 2 )   g  t 2


    𝜃  t + 1 =   𝜃  t − 𝜂       m ^  t       v ^  t + 𝜖


    g  t =  ∇  𝜃 ℒ


  T


  E


    f +


    f −


  ℒ


  𝐬 , 𝐫 , 𝐨 , 𝝉


  r  ( s , o , 𝜏 ) → r  ( o , s , 𝜏 )  


  s = Jack ,    o = Tom ,    r = is a sibling of ,    𝜏 = 2020 ,


   ( Jack , is a sibling of , Tom , 2020 )    →     ( Tom , is a sibling of , Jack , 2020 )


   ( Jack , is a sibling of , Tom , 2020 )    →     ( Tom , is a sibling of , Jack , 2020 )


  r  ( s , o , 𝜏 ) → ¬ r  ( o , s , 𝜏 )


  x = John ,    y = Project One ,    r = is the manager of ,    𝜏 = 2021 − 2024


   ( John , is the manager of , Project One , 2021 − 2024 )    →    ¬  ( Project One , is the manager of , John , 2021 − 2024 )


   ( John , is the manager of , Project One , 2021 − 2024 )    →    ¬  ( Project One , is the manager of , John , 2021 − 2024 )


    r 1  ( s , o , 𝜏 ) →   r 2  ( o , s , 𝜏 )


  s = Jack ,    y = Mary ,      r 1 = is the son of ,      r 2 = is the mother of ,    𝜏 = 1995


   ( Jack , is the son of , Mary , 1995 )    →     ( Mary , is the mother of , Jack , 1995 )


   ( Jack , is the son of , Mary , 1995 )    →     ( Mary , is the mother of , Jack , 1995 )


    r 2  ( x , y , 𝜏 ) ∧   r 3  ( y , z , 𝜏 ) →   r 1  ( x , z , 𝜏 )  


  x = Maria ,    y = Company A ,    z = New York ,      r 2 = works for ,      r 3 = is located in ,  


      r 1 = works in


      r 1 = works in


   ( Maria , works for , Company A , 2022 )    ∧     ( Company A , is located in , New York , 1980 )    →     ( Maria , works in , New York , 2022 )


   ( Maria , works for , Company A , 2022 )    ∧     ( Company A , is located in , New York , 1980 )    →     ( Maria , works in , New York , 2022 )


  r  ( x , y ,   𝜏 1 ) → ¬ r  ( x , y ,   𝜏 2 )


  x = John ,    y = Project1 ,    r = leader of


    𝜏 1 = 2023


   ( John , leader of , Project1 , 2023 )


    𝜏 2


  ¬  ( John , leader of , Project1 ,   𝜏 2 )


  s


  o


  𝜏


  s = Jack ,    o = an identity card ,    r = has ,    𝜏 = 2000


   ( Jack , has , an identity card , 2000 )


  r


  s


    o 1 ,   o 2 , … ,   o  N


  s = Jack ,      o 1 = American ,      o 2 = French ,      o 3 = German ,    r = nationality


   ( Jack , nationality , American , 2015 ) ,     ( Jack , nationality , French , 2020 ) ,  


  r


    s 1 ,   s 2 , … ,   s  N


  o


   h 1 = Vitamin A ,     h 2 = Vitamin D ,     h 3 = Vitamin B12 ,    t = milk ,    r = contained in


   ( Vitamin A , contained in , milk , ∗ ) ,   


  r


    s 1 ,   s 2 , … ,   s  N


    o 1 ,   o 2 , … ,   o  N


    s 1 = Student A ,      s 2 = Student B ,      o 1 = algebra ,      o 2 = physics ,    r = learns


   ( Student A , learns , algebra , September 2023 – December 2023 ) ,


  r


    𝜂  s


    𝜂  o


  S =  ( s , r , o , 𝜏 )


  S


  i


  S


    𝜂  s


    𝜂  o


    𝜂  s ≤ 1 . 5


    𝜂  o ≤ 1 . 5


  i


    𝜂  s > 1 . 5


    𝜂  o ≤ 1 . 5


  i


    𝜂  s ≤ 1 . 5


    𝜂  o > 1 . 5


  i


    𝜂  s > 1 . 5


    𝜂  o > 1 . 5


  i


   (  s ,  r ,  o ,  𝜏 )


   (  o ,  r ,  s ,  𝜏 )


  a + b i


  i


    i 2 = − 1


  j


   ( p , q )


  p


  q


  Z


  Z =   z 1 + j   z 2 =  (   a 1 + i   a 2 ) + j  (   b 1 + i   b 2 )  


    a 1 ,   a 2 ,   b 1 ,   b 2 ∈ ℝ


  i


  j


  i j = j i ,   i 2 =   j 2 = − 1


  Z


    z 1 +   z 2 ≠ 0


  Z =    z 1 2 +   z 2 2  (  cos ⁡  𝜑 + j  sin ⁡  𝜑 )


  𝔹 ℂ


   ( 𝔹 ℂ , + )


    Z 1 ,   Z 2 ,   Z 3 ∈ 𝔹 ℂ


    Z 1 +  (   Z 2 +   Z 3 ) =  (   Z 1 +   Z 2 ) +   Z 3


  𝔹 ℂ


    Z 1  (   Z 2   Z 3 ) =  (   Z 1   Z 2 )   Z 3


    Z 1  (   Z 2 +   Z 3 ) =   Z 1   Z 2 +   Z 1   Z 3


    Z 1


    Z 2


    Z 2 = U   Z 1   U  − 1


    Z 1


    Z 2


  U


  𝔹 ℂ


  f : 𝔹 ℂ → 𝔹 ℂ


  Z


  Q


  f  ( Z ) = Q Z   Q  − 1


  Z


  Z =   z 1 + j   z 2


    z 1


    z 2


    Z ∗ =   z 1 − j   z 2


    Z 1 =   z 1 + j   z 2


    Z 2 =   z 3 + j   z 4


  Z =   Z 1 +   Z 2 =  (   z 1 +   z 3 ) + j  (   z 2 +   z 4 )


  Z =   Z 1 −   Z 2 =  (   z 1 −   z 3 ) + j  (   z 2 −   z 4 )


    Z 1 =   z 1 + j   z 2


    Z 2 =   z 3 + j   z 4


  Z =   Z 1   Z 2 =  (   z 1   z 3 −   z 2   z 4 ) + j  (   z 1   z 4 +   z 2   z 3 )


  ∣ Z ∣ =  Z   Z ∗ =    z 1 2 −   z 2 2  


  ∣ Z ∣ = 1


    Z  − 1 =     Z ∗  ∣ Z ∣    


  ∣ Z ∣ ≠ 0


    Z 1 =  (   x 1 + i   y 1 ,   x 2 + i   y 2 )


    Z 2 =  (   X 1 + i   Y 1 ,   X 2 + i   Y 2 )


    R  𝟜


    Z 1 ×   Z 2 =  [  (   x 1   X 1 −   y 1   Y 1 −   x 2   X 2 +   y 2   Y 2 ) + i  (   x 1   Y 1 +   y 1   X 1 −   x 2   Y 2 −   y 2   X 2 ) ,  (   x 1   X 2 −   y 1   Y 2 +   x 2   X 1 −   y 2   Y 1 ) + i  (   x 1   Y 2 +   y 1   X 2 +   x 2   Y 1 +   y 2   X 1 ) ]  


  Z =   z 1 + j   z 2


    z 1 =   x 1 + i   y 1


    z 2 =   x 2 + i   y 2


  Z =   z 1 + j   z 2 ∈ 𝔹 ℂ    →  (      z 1  −   z 2     z 2    z 1 )


  4 × 4


  Z =   x 1 + i   y 1 + j   x 2 + k   y 2 ∈ 𝔹 ℂ    →  (      x 1  −   y 1    y 1    x 1   −   x 2    y 2  −   y 2  −   x 2     x 2  −   y 2    y 2    x 2     x 1  −   y 1    y 1    x 1 )


  R =  (     cos ⁡ θ  −  sin ⁡ θ   s i n θ   cos ⁡ θ )


  θ


   ( x , y )


   (   x ′ ,   y ′ )


   (      x ′     y ′ ) =  (     cos ⁡  𝜃  − si  n ⁡  𝜃    sin ⁡  𝜃   cos ⁡  𝜃 )  (    x   y )  


    x ′ = x  cos ⁡  𝜃 − y  sin ⁡  𝜃


    y ′ = x  sin ⁡  𝜃 + y  cos ⁡  𝜃


   ( a , b )


  𝜃


   (   a ′ ,   b ′ )


   (   a ′ ,   b ′ ) =  ( r  cos ⁡   ( 𝜑 + 𝜃 ) ,    r  sin ⁡   ( 𝜑 + 𝜃 ) )


  r =    a 2 +   b 2


  φ


  2   × 2


  θ


  ϕ


  x  ( θ , ϕ ) =  ( R + r  cos ⁡ θ )  cos ⁡ ϕ


  y  ( θ , ϕ ) =  ( R + r  cos ⁡ θ )  sin ⁡ ϕ


  z  ( θ , ϕ ) = r  sin ⁡ θ


  θ , ϕ ∈  [ 0 , 2 π )


  R


  r


  x  ( t ) = A  cos ⁡   ( 2 π f t )


  y  ( t ) = A  sin ⁡   ( 2 π f t )


  A


  f


  t


  x  ( θ , ϕ ) , y  ( θ , ϕ ) ,


  z  ( θ , ϕ )


  𝜽


  𝝓


  N


  𝛘 ∈  ℝ  I × J × K


  I


  J


  K


  ( h ,   r ,   t ,   𝜏 )


  χ ∈  ℝ  I × J × K


  χ ≈   ∑  R  r = 1   a  r ∘  b  r ∘  c  r


  ℛ


    a  r ∈    ℝ  I


   b  r ∈  ℝ  J


   c  r ∈  ℝ  K


  𝛘 ∈  ℝ  I × J × K


  𝛘 ≈ 𝐙  × 1 𝐀  × 2 𝐁  × 3 𝐂


  𝐙 ∈  ℝ  P × Q × R


  𝐀 ∈  ℝ  I × P


  𝑩 ∈  ℝ  J × Q


  𝐂 ∈  ℝ  K × R


   ×  n


  𝐙


  𝛘 ∈  ℝ  H × R × T × 𝒯


  𝒯


  𝛘 ≈   ∑  k = 1  K    𝐡  k ∘   𝐫  k ∘   𝐭  k ∘   𝛕  k


  K


    𝐡  k ∈  ℝ  H ,     𝒓  𝒌 ∈  ℝ  𝑹 ,     𝒕  𝒌 ∈  ℝ  𝑻 ,   𝒗 à     𝝉  𝒌 ∈  ℝ  𝓣  


    𝛕  k


  𝛘


  𝛘 ≈ 𝐆  × 1 𝐇  × 2 𝐑  ×  𝟑 𝐓  ×  𝟒 𝓣


  G ∈  ℝ  P × Q × R × S


  H ∈  ℝ  I × P


  R ∈  ℝ  J × Q , T ∈  ℝ  K × R


  𝒯 ∈  ℝ  𝒯 × S


  G


  G


  𝒯


  𝒢 = ( ℰ , ℛ , 𝒯 , ℱ )


  ℰ


  ℛ


  𝒯


  ℱ ⊆ ℰ × ℛ × ℰ × 𝒯


  ( s , r , o , 𝜏 ) ∈ ℱ


  𝜏


  s


  r


  o


  𝒳 ∈ { 0 , 1  }  ∣ ℰ ∣ × ∣ ℛ ∣ × ∣ ℰ ∣ × ∣ 𝒯 ∣


    𝒳  s r o 𝜏 = 1


  𝜙 ( s , r , o , 𝜏 )


  𝒳 ≈   ∑  k = 1  d    𝐞  k   ( s ) ∘   𝐞  k   ( r ) ∘   𝐞  k   ( o ) ∘   𝐞  k   ( 𝜏 )


  d


  ∘


    𝐞  k   ( s ) ,   𝐞  k   ( r ) ,   𝐞  k   ( o ) ,   𝐞  k   ( 𝜏 )


  𝒳 ≈ 𝒲  × 1 E  × 2 R  × 3 O  × 4 T


  𝒲


  E , R , O , T


   ×  n


  ∣ 𝒲 ∣ =   d  e ×   d  r ×   d  o ×   d  t


  ( s , r , o , 𝜏 )


  s


  o


  r


  𝜏


     ‖ 𝐬 + 𝐫 + 𝛕 − 𝐨 ‖  1 / 2


  𝐬 , 𝐫 , 𝛕 , 𝐨 ∈  ℝ  d


    𝐬  𝜏 = 𝐬 −  (   𝐰  𝜏  T 𝐬 )   𝐰  𝜏


    𝐫  𝜏 = 𝐫 −  (   𝐰  𝜏  T 𝐫 )   𝐰  𝜏


    𝐫  𝜏 = 𝐫 −  (   𝐰  𝜏  T 𝐫 )   𝐰  𝜏


    𝐨  𝜏 = 𝐨 −  (   𝐰  𝜏  T 𝐨 )   𝐰  𝜏


    𝐨  𝜏 = 𝐨 −  (   𝐰  𝜏  T 𝐨 )   𝐰  𝜏


     ‖   𝐬  𝜏 +   𝐫  𝜏 −   𝐨  𝜏 ‖  1 / 2


     ‖   𝐬  𝜏 +   𝐫  𝜏 −   𝐨  𝜏 ‖  1 / 2


  𝐬 , 𝐫 , 𝐨 ,   𝐰  𝜏 ∈  ℝ  d


    𝐬  𝜏 = 𝐬 ∘ 𝛕


    𝐨  𝜏 = 𝐨 ∘ 𝛕


    𝐨  𝜏 = 𝐨 ∘ 𝛕


     ‖   𝐬  𝜏 + 𝐫 −     𝐨 -  𝜏 ‖ 1


     ‖   𝐬  𝜏 + 𝐫 −     𝐨 -  𝜏 ‖ 1


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈  ℝ  d


   〈 𝐬 , 𝐫 , 𝐨 , 𝛕 〉 +  〈 𝐨 ,   𝐫  − 1 , 𝐬 , 𝛕 〉


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈  ℝ  d


  R e (  〈 𝐬 , 𝐫 ,   𝐨 - , 𝛕 〉 )


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈  ℂ  d


  R e  (  〈 𝐬 ,   𝐫  𝐒 𝐎 ,   𝐨 - 〉 ) + 𝛼 R e  (  〈 𝐬 ,   𝐫  𝐒 𝐓 ,   𝛕 - 〉 ) + 𝛽 R e  (  〈 𝐨 ,   𝐫  𝐎 𝐓 ,   𝛕 - 〉 ) + 𝛾 R e  (  〈 𝐬 , 𝐨 ,   𝛕 - 〉 )


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈  ℂ  d


    𝐬  r , 𝜏 = 𝐬 ∘  [  𝐫 |  𝛕 ] ∘   𝐫 2


   〈   𝐬  r , 𝜏 , 𝐨 〉


   〈   𝐬  r , 𝜏 , 𝐨 〉


  𝐬 , 𝐫 ,   𝐫  𝟐 , 𝐨 , 𝛕 ∈  ℝ  d


    𝐬  r  ( s , o ) = 𝐬 +   𝐛  o  


    𝐨  r  ( s , o ) = 𝐨 +   𝐛  s  


    𝐨  r  ( s , o ) = 𝐨 +   𝐛  s  


    𝐫  s | 𝜏 =   𝐫  s −   𝛕  r  


    𝐫  s | 𝜏 =   𝐫  s −   𝛕  r  


    𝐫  t | 𝜏 =   𝐫  o −   𝛕  r


    𝐫  t | 𝜏 =   𝐫  o −   𝛕  r


   ‖ d (   𝐬  r  ( s , o ) ,   𝐫  s | 𝜏 ) ‖ +  ‖ d (   𝐨  r  ( s , o ) ,   𝐫  o | 𝜏 ) ‖


   ‖ d (   𝐬  r  ( s , o ) ,   𝐫  s | 𝜏 ) ‖ +  ‖ d (   𝐨  r  ( s , o ) ,   𝐫  o | 𝜏 ) ‖


  𝐬 , 𝐫 , 𝛕 , 𝐨 ∈  ℝ  d


    𝐬  𝜏 = 𝛕 𝐬   𝛕  − 𝟏


    𝐨  𝜏 = 𝛕 𝐨   𝛕  − 𝟏


    𝐨  𝜏 = 𝛕 𝐨   𝛕  − 𝟏


     ‖   𝐬  𝜏 + 𝐫 −     𝐨 -  𝜏 ‖ 2


     ‖   𝐬  𝜏 + 𝐫 −     𝐨 -  𝜏 ‖ 2


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈  ℍ  d


   〈 𝓜 ; 𝐬 , 𝐫 , 𝐨 , 𝛕 〉


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈  ℝ  d


  𝓜 ∈  ℝ  4 × d


  𝓜 ∈  ℝ  4 × d


     ‖ 𝐬 ⊙ 𝐫 ⊙ 𝝉 − 𝐨 ‖ 2


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈  ℍ  d


  𝐬 , 𝐫 , 𝐨 , 𝛕 = [   𝐌 1 , … ,   𝐌  k ]


   〈 𝐒 𝐜  ( 𝐬  ⊗  n 𝐫  ⊗  n 𝝉  ⊗  n   𝐨 - ) , 𝟏 〉


   〈 𝐒 𝐜  ( 𝐬  ⊗  n 𝐫  ⊗  n 𝝉  ⊗  n   𝐨 - ) , 𝟏 〉


  𝐬 , 𝐫 , 𝐨 , 𝛕 ∈   𝔾  n × d


   ℋ τ = { (  s i ,  r i ,  o i ,  τ i ) ∣  τ i < τ }


   h τ = RNN (  h  τ − 1 ,  x τ )


   x τ


  τ


  e ( t ) = f (  e 0 , t )


   e 0


  f ( ⋅ )


   α i =   exp ⁡ (  q ⊤  k i )    ∑ j  exp ⁡ (  q ⊤  k j )


  q


   k i


  i


    de ( t ) dt = g ( e ( t ) , t , θ )


  g ( ⋅ )


  Attention ( Q , K , V ) = softmax  (   Q  K ⊤   d ) V


   h v   ( l + 1 ) = σ  (   ∑  u ∈ 𝒩 ( v ) ϕ (  h u   ( l ) , Δ  t uv ,  r uv ) )


  𝐞 ( t ) = f (   𝐞 0 , t )


    𝐞 0


  t


  f ( ⋅ )


  𝜙 ( s , r , o , 𝜏 ) = ⟨   𝐞  s ( 𝜏 ) ,   𝐞  r ( 𝜏 ) ,   𝐞  o ( 𝜏 ) ⟩


    𝐞  r , 𝜏 =   𝐞  r +   𝐞  𝜏


    𝐞  r


    𝐞  𝜏


  𝜙 ( s , r , o , 𝜏 ) = Re  ( ⟨   𝐞  s ,   𝐞  r +   𝐞  𝜏 ,     𝐞  o ‾ ⟩ )


  𝜙 ( s , r , o , 𝜏 ) = Re  ( ⟨   𝐞  s ,   𝐞  r , 𝜏 ,     𝐞  o ‾ ⟩ )


    𝐞  s ,   𝐞  r ,   𝐞  o ∈  ℂ  d


  𝜙 ( s , r , o ) = Re  ( ⟨   𝐞  s ,   𝐞  r ,     𝐞  o ‾ ⟩ )


      𝐞  o ‾


  𝜙 ( s , r , o , 𝜏 ) = Re  ( ⟨   𝐞  s ,   𝐞  r ,   𝐩  𝜏 ,     𝐞  o ‾ ⟩ )


    𝐩  𝜏


    𝐞  r , 𝜏 =   𝐞  r +   𝐞  𝜏


    𝐞  s , 𝜏 =   𝐞  s ∘   𝐞  𝜏


  𝒳 ∈  ℝ  ∣ ℰ ∣ × ∣ ℛ ∣ × ∣ ℰ ∣ × ∣ 𝒯 ∣


  𝒳 ≈ 𝒲  × 1 E  × 2 R  × 3 O  × 4 T


  𝒲


  E , R , O , T


   ×  n


  𝜙 ( s , r , o ) = 𝒲  × 1   𝐞  s  × 2   𝐞  r  × 3   𝐞  o


    𝐞  s ,   𝐞  r ,   𝐞  o


  𝒲


  ∣ 𝒲 ∣ =   d  e ×   d  r ×   d  e


  𝜙 ( s , r , o , 𝜏 ) = 𝒲  × 1   𝐞  s  × 2   𝐞  r  × 3   𝐞  o  × 4   𝐞  𝜏


    𝐞  𝜏


  ∣ 𝒲 ∣ =   d  e ×   d  r ×   d  e ×   d  t


    𝐡  v   (  l + 1 ) = 𝜎  (   ∑  u ∈ 𝒩 ( v )    W  r   ( l )   𝐡  u   ( l ) )


  𝒲


    𝒲  𝜏 = f ( 𝜏 )


  f ( ⋅ )


  f  ( s , r , o , t ) =  ‖ s + r + τ − o ‖


  s + r + τ


  o


    C 2


  Z =   z 1 ​ + j   z 2 ​ =  (   z 1  r e a l ​ + i   z 1  i m g ​ ) + j  (   z 2  r e a l ​ + i   z 2  i m g ​ )


  Z =   Z  r e a l ​ + i   Z  i m g ​


    Z  r e a l =   z 1  r e a l + j   z 2  r e a l


    Z  i m g =   z 1  i m g + j   z 2  i m g


  A  ( Z )


  A  ( Z ) = A  ( X ) A  ( Y )


  A  ( X ) =  (     cos ⁡  𝜑  − 𝜔 i  sin ⁡  𝜑   𝜔 i  sin ⁡  𝜑   cos ⁡  𝜑 )


  A  ( Y ) =  (     cos ⁡  𝜃  −     z 2  r e a l  sin ⁡  𝜃   ‖ v  (   Z  r e a l ) ‖       z 2  r e a l  sin ⁡  𝜃   ‖ v  (   Z  r e a l ) ‖   cos ⁡  𝜃 )


   ‖ v  (   Z  r e a l ) ‖ =     (   z 2  r e a l ) 2


  𝜃 =    cos  − 1 ⁡   (     z 1  r e a l   ‖   Z  r e a l ‖ )


  𝜑 =    cos  − 1 ⁡   (  ‖   Z  r e a l ‖ )


  𝜔 =     z 2  r e a l      (   z 2  r e a l ) 2


    Z  r e a l =   z 1  r e a l + j   z 2  r e a l


    Z  i m g =   z 1  i m g + j   z 2  i m g


  A  ( X )


  R


  A  ( X ) =  cos ⁡  𝜃 + R s i n 𝜃 =     z 1  r e a l  R +  (   𝜔 i     𝜔 2 )  (      𝜔 2  R ) =     Z  r e a l   ‖   Z  r e a l ‖  


     | Z | 2 =   Z  Z


  Z


     ‖ Z ‖ 2 =    (   Z  r e a l ​ + i   Z  i m g ​ ) ∗  (   Z  r e a l ​ + i   Z  i m g ​ ) =   Z  r e a l ∗ ​   Z  r e a l ​ + i   Z  i m g ∗ i   Z  i m g ​ +  (   Z  r e a l ∗ i   Z  i m g ​ + i   Z  i m g ∗ ​   Z  r e a l ​ )


     ‖ Z ‖ 2 = 1


     ‖   Z  r e a l ‖ 2 −    ‖   Z  i m g ‖ 2 = 1


   (   Z  r e a l ∗   Z  i m g +   Z  i m g ∗   Z  r e a l ) i = 0 i


   (   Z  r e a l ∗   Z  i m g +   Z  i m g ∗   Z  r e a l ) i = 0 i


     ‖   Z  r e a l ‖ 2 = 1


     ‖   Z  i m g ‖ 2 = 0 :


  A  ( Y ) = c o s 𝜑 +  ( 𝜔 i ) i s i n 𝜑 =  ‖   Z  r e a l ‖ +  ( 𝜔 i ) i  ‖   Z  i m g ‖


  A  ( X )


  A  ( X ) =  (     ‖   Z  r e a l ‖  −  1 −    ‖   Z  r e a l ‖ 2    1 −    ‖   Z  r e a l ‖ 2   ‖   Z  r e a l ‖ )


  A    ( X )  − 1 =  (     ‖   Z  r e a l ‖   1 −    ‖   Z  r e a l ‖ 2   −  1 −    ‖   Z  r e a l ‖ 2   ‖   Z  r e a l ‖ )


  A    ( X )  − 1 = A    ( X )  T


    det ⁡ ( A ( X ) )   =   1 ,   A ( X )


  A  ( Y )


  A  ( X )


  A  ( Y )


  Z


  A =  (    a  b   c  d )


    A  − 1 =  1  a d − b c  (    d  − b   − c  a )


    A  T =  (    a  c   b  d )


    A  T =  (    a  c   b  d )


  A  ( X )


  A  ( X ) =  (     cos ⁡   (    cos  − 1 ⁡   ‖   Z  r e a l ‖ )  −  sin ⁡   (    cos  − 1 ⁡   ‖   Z  r e a l ‖ )    sin ⁡   (    cos  − 1 ⁡   ‖   Z  r e a l ‖ )   cos ⁡   (    cos  − 1 ⁡   ‖   Z  r e a l ‖ ) ) =  (     ‖   Z  r e a l ‖  −  1 −    ‖   Z  r e a l l ‖ 2    1 −    ‖   Z  r e a l l ‖ 2   ‖   Z  r e a l ‖ )


  A    ( X )  − 1 = A    ( X )  T


  A    ( X )  − 1 = A    ( X )  T


   det ⁡   ( A  ( X ) ) = 1


   det ⁡   ( A  ( X ) ) = 1


  A  ( X )


  A  ( Y )


  A  ( Y ) =  (     cos ⁡   (    cos  − 1 ⁡   (     z 1  r e a l   ‖   Z  r e a l ‖ ) )  −      z 2  r e a l sin ⁡   (    cos  − 1 ⁡   (     z 1  r e a l   ‖   Z  r e a l ‖ ) )   ‖ v  (   Z  r e a l ) ‖        z 2 real sin ⁡   (    cos  − 1 ⁡   (     z 1  r e a l   ‖   Z  r e a l ‖ ) )   ‖ v  (   Z  r e a l ) ‖   cos ⁡   (    cos  − 1 ⁡   ‖   Z  r e a l ‖ ) )


  A    ( Y )  − 1 = A    ( Y )  T


  A    ( Y )  − 1 = A    ( Y )  T


   det ⁡   ( A  ( Y ) ) = 1


   det ⁡   ( A  ( Y ) ) = 1


  A  ( X )


  i φ


  A  ( Y )


  θ


  A  ( Y ) =  (     cos ⁡  𝜃  −  sin ⁡  𝜃    sin ⁡  𝜃   cos ⁡  𝜃 )


  Z =  (   z 1  r e a l +   z 1  i m g i ) + j  (   z 2  r e a l +   z 2  i m g i )


   (     cos ⁡  𝜃  −  sin ⁡  𝜃    sin ⁡  𝜃   cos ⁡  𝜃 )  (      z 1  r e a l +   z 1  i m g i     z 2  r e a l +   z 2  i m g i ) =  (     cos ⁡  𝜃  −  sin ⁡  𝜃    sin ⁡  𝜃   cos ⁡  𝜃 )  (      z 1  r e a l     z 2  r e a l ) + i  (     cos ⁡  𝜃  −  sin ⁡  𝜃    sin ⁡  𝜃   cos ⁡  𝜃 )  (      z 1  i m g     z 2  i m g )


    C 4


  A  ( X ) =  (     cos ⁡  𝜑  − i  sin ⁡  𝜑   i  sin ⁡  𝜑   cos ⁡  𝜑 )


  Z =  (   z 1  r e a l +   z 1  i m g i ) + j  (   z 2  r e a l +   z 2  i m g i )


   (     cos ⁡  𝜑  − i  sin ⁡  𝜑   i  sin ⁡  𝜑   cos ⁡  𝜑 )  (      z 1  r e a l +   z 1  i m g i     z 2  r e a l +   z 2  i m g i ) =  (      z 1  r e a l     z 2  r e a l )  (     cos ⁡  𝜑    sin ⁡  𝜑 ) + i  (      z 1  i m g   −   z 2  i m g )  (     cos ⁡  𝜑    sin ⁡  𝜑 )


  Z


  Z   =   w   +   x i   +   y j   +   z k


  w ,   x ,   y   v à   z


  i


  j


  i j   =   j i   =   k


    i 2 =   j 2 = − 1


  Q


  Q   =   w   +   x i   +   y j   +   z k


  i ,   j ,


  k


  i j = k , j i = − k ,   i 2 =   j 2 =   k 2 = i j k = − 1


    × 


  


  


  


  


  w 


  


  


  


  


  x 


  


  


  


  


  y 


  


  


  


  


  z 


  


  


  


  


  × 


  


  


  


  


  w 


  


  


  


  


  x 


  


  


  


  


  y 


  


  


  


  


  z 


  


  


  


  


  Q   =   w   +   x i   +   y j   +   z k


  Q = R  (  cos ⁡ ϕ + w i  sin ⁡ ϕ )


  R


  w i


  Q = R  cos ⁡  𝜙 + R   w 1  sin ⁡  𝜙 i + R   w 2  sin ⁡  𝜙 j + R   w 3  sin ⁡  𝜙 k


  Q


  A  ( Q )


  A  ( Q ) = R  [  cos ⁡  𝜙  I 4 +  sin ⁡  𝜙 A  (   w  i ) ]


    I 4


  4   × 4


  A  ( w i )


  A  (   w  i ) =  [       0  −   w 1     w 1  0       w 2    − w 3     − w 2    w 3        − w 2    w 2     w 3    − w 3     0    w 1     − w 1  0 ]


  A  ( Q )


  𝔹 ℂ


    Z  s ,   Z  o ∈   𝔹 ℂ  n × d


    𝐙  r ∈   𝔹 ℂ  m × d


    𝐙  𝜏 ∈   𝔹 ℂ  l × d


  n


  m


  l


  d


   ( s , r , o , τ )


    Z  s =   z  s 1 + j   z  s 2


    Z  o =   z  o 1 + j   z  o 2


    Z  o =   z  o 1 + j   z  o 2


    Z  r =   z  r 1 + j   z  r 2


    Z  r =   z  r 1 + j   z  r 2


    Z  𝜏 =   z  𝜏 1 + j   z  𝜏 2


    Z  𝜏 =   z  𝜏 1 + j   z  𝜏 2


    Z ′ r τ


      Z ′  r 𝜏 =   Z  r ×   Z  𝜏 =  (   z  r 1 + j   z  r 2 ) ×  (   z  𝜏 1 + j   z  𝜏 2 ) =  (   z  r 1 ⨂   z  𝜏 1 −   z  r 2 ⨂   z  𝜏 2 ) + j  (   z  r 1 ⨂   z  𝜏 2 +   z  r 2 ⨂   z  𝜏 1 ) =     z ′  r 𝜏 1 + j     z ′  r 𝜏 2


  ×


  ⊗


      Z ′  r 𝜏


    Z  r 𝜏 =       z ′  r 𝜏 1 + j     z ′  r 𝜏 2    (     z ′  r 𝜏 2 2   +     z ′  r 𝜏 2 2 ) =   z  r 𝜏 1 + j   z  r 𝜏 2


    Z  s


    Z  r τ


    Z  s r 𝜏 =   Z  s ×   Z  r 𝜏 =  (   z  s 1 + j   z  s 2 ) ×  (   z  r 𝜏 1 + j   z  r 𝜏 2 ) =   z  s r 𝜏 1 + j   z  s r 𝜏 2


    Z  r τ


    Z  s


   ( s , r , o , τ )


    Z  s r τ


    Z  o


  f  ( s , r , o , 𝜏 ) =   Z  s r 𝜏 ⋅   Z  o =  (   z  s r 𝜏 1 + j   z  s r 𝜏 2 ) ⋅  (   z  o 1 + j   z  o 2 ) =  〈   z  s r 𝜏 1 ,   z  o 1 〉 +  〈   z  s r 𝜏 2 ,   z  o 2 〉


   〈 ∙ , ∙ 〉


    Z  s r τ


    Z  o


   ( s , r , o , τ )


  O  ( 4  | ℰ | d + 4  | ℛ | d + 4  | 𝒯 | d )


  O  (  | ℰ | d + 2  | ℛ | d +  | 𝒯 | d )


  O  ( d )


   ‖ 𝐬 + 𝐫 + 𝛕 − 𝐨 ‖


  O  (  | ℰ | d + 2  | ℛ | d +  | 𝒯 | d )


  O  ( d )


   ‖   P  𝜏  ( 𝐬 ) +   P  𝜏  ( 𝐫 ) −   P  𝜏  ( 𝐨 ) ‖


  O  (  | ℰ | d + 2  | ℛ | d +  | 𝒯 | d )


  O  ( d )


   〈   𝐳  𝜏 ,   𝐳  s ⨂   𝐳  r ⨂   𝐳  o 〉


  O  (  | ℰ | d +  | ℛ | d ) +  | 𝒯 |   d 3 )


  O  (   d 3 )


  Re  (  〈 𝐬 , 𝐫 ,   𝐨 - , 𝛕 〉 )


  O  ( 2  | ℰ | d + 2  | ℛ | d + 2  | 𝒯 | d )


  O  ( d )


  Re  (  〈 𝐬 ,   𝐫  𝜏 ∗ 𝛕 + 𝐫 ,   𝐨 - 〉 )


  O  ( 2  | ℰ | d + 4  | ℛ | d +  | 𝒯 | d )


  O  ( d )


     ‖   ∑  k = 1  n      𝐬  r +   𝐫  𝜏 −   𝐨  r    S  k   ‖ 2 − 𝜇    ‖   𝐫  𝜏 − 𝐫 ‖ 2


  O  ( 2  | ℰ | d +  | ℛ | d +  | 𝒯 | d )


  O  (   d 2 )


    𝒟  K L  (   𝐏  s , 𝜏 −   𝐏  t , 𝜏 ,   𝐏  r , 𝜏 )


  O  (  | ℰ | d + 2  | ℛ | d )


  O  ( d )


   ‖   𝐬  𝜏 + 𝐫 −     𝐨 -  𝜏 ‖


  O  (  | ℰ | d + 2  | ℛ | d +  | 𝒯 | d )


  O  ( d )


  Linear  ( flatten  ( CNN  ( 𝐬 , 𝐫 ) ) ) 𝐨


  O  (  | ℰ | d +  | ℛ | d +  | 𝒯 |   d  𝜏 )


  O  ( d )


  −   d    c  p    ( Q  ( s , r ) ,   e  o  H ) 2 +   b  s +   b  o


  O (  | ℰ | d + 2 | ℛ | d +  | ℰ | + 2  | ℛ | ( 1   + 3 d ) +  | 𝒯 |


  O  (   d 3 )


   〈   z  s r 𝜏 1 ,   z  o 1 〉 +  〈   z  s r 𝜏 2 ,   z  o 2 〉


  O  ( 4  | ℰ | d + 4  | ℛ | d + 4  | 𝒯 | d )


  O  ( d )


    Z  r τ


    Z  s r 𝜏 ×   Z  o =   Z  o r 𝜏 ×   Z  s


    Z  s ×   Z  r 𝜏 ×   Z  o =   Z  o   ×   Z  r 𝜏 ×   Z  s


  s =   Z  s


  r =   Z  r 𝜏


  o =   Z  o


  r × s = o


  r × o = s


  r × o = s


  r × r = − 1


    Z  s r 𝜏 ×   Z  o ≠   Z  o r 𝜏 ×   Z  s


    Z  s ×   Z  r 𝜏 ×   Z  o ≠   Z  o ×   Z  r 𝜏 ×   Z  s


  s =   Z  s


  r =   Z  r 𝜏


  o =   Z  o


  r × s = o


  r × o ≠ s


  r × o ≠ s


  r


  r × r = − 1


  r


  r


  r


  r = k ⋅ ( 1 + j )


  k


  j


    j 2 = − 1


    r ¯


    Z  s r 𝜏 ×   Z  o =   Z  o   r - 𝜏 ×   Z  s


    Z  s ×   Z  r 𝜏 ×   Z  o =   Z  o   ×   Z    r - 𝜏 ×   Z  s


  s =   Z  s , r =   Z  r 𝜏 ,   r  − 1 =   Z    r ˉ 𝜏 , o =   Z  o


  r × s = o


  r


  r


    r  − 1


  r


  j


    j 2 = − 1


    r  − 1 = − j


  j × ( − j ) = 1


    r 2


    r 3


    r 1


    r 2 +   r 3 ≈   r 1


    r 2 ∘   r 3 ≈   r 1


    r 2


    r 3


    r 2


    r 2


    r 3


    z 1


    z 2


  ℒ =   ∑   ( s , r , o , 𝜏 ) ∈ 𝒢    ∑    o ′ ∈ ℰ   log ⁡   ( 1 +  exp ⁡   (   y  o f  ( s , r ,   o ′ , 𝜏 ) ) ) +   𝜆 1    ‖   Z  s ‖ 3 3 +   𝜆 2    ‖   Z  o ‖ 3 3 +   𝜆 3    ‖   Z  r ‖ 3 3 +   𝜆 4    ‖   Z  𝜏 ‖ 3 3


    y  o ​ = − 1


  =   o ′


    y  o ​ = 1


   ‖ ∙ ‖


    𝜆 1


    𝜆 2


    𝜆 3


    𝜆 4


   ( s , r , o , 𝜏 )


   ( s , r ,   o ′ , 𝜏 )


   ( o ,   r  − 1 , s , 𝜏 )


   ( s , r , o , 𝜏 )


    S  b a t c h


    S  b a t c h


    S ′  ( s , r , o , 𝜏 ) =  ( s , r ,   o ′ , 𝜏 ) ∣   o ′ ∈ ℰ


  S


    T  b a t c h


  𝛼


  S =  ( s , r , o , 𝜏 )


  ℰ


  ℛ


  𝒯


  d


  𝐞 ,  


  𝐫


  𝛕


    S  b a t c h ← s a m p l e  ( S , b )


    T  b a t c h ←   ∅


   ( s ,   r ,   o , 𝜏 ) ∈   S  b a t c h


   ( s , r , o ’ , 𝜏 ) ← s a m p l e S ’  ( s , r , o , 𝜏 )


    T  b a t c h ←   T  b a t c h ∪  (  ( s , r , o , 𝜏 ) ,  ( s , r , o ’ , 𝜏 ) )


  ℒ =   ∑   ( s , r , o ) ∈ 𝒢    ∑    o ′ ∈ ℰ   log ⁡   ( 1 +  exp ⁡   (   y  o f  ( s , r ,   o ′ , 𝜏 ) ) ) +   𝜆 1    ‖   Z  s ‖ 3 3 +   𝜆 2    ‖   Z  o ‖ 3 3 +   𝜆 3    ‖   Z  r ‖ 3 3 +   𝜆 4    ‖   Z  𝜏 ‖ 3 3


  ( h , r , ? , 𝜏 )


  ( h , r , ⋅ )


  ( h , r , t , 𝜏 )


  ( h ,   r  − 1 , t , 𝜏 )


   ( h , r )


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  −


  ( ? , r , o , 𝜏 )


  ( s , r , ? , 𝜏 )


  x


  y


  x


  y


  x


  y


  𝛺 ( h , r , t , 𝜏 )


  x


  y


  (   𝐞  h ,   𝒆  t


    𝐞  r


    𝒆    𝜏 1


    𝒆    𝜏 2


    𝒆    𝜏 3


  ( h , r , t , 𝜏 )


  𝜃  ( h ,   r ,   t ,   𝜏 ) =   Re  (  〈   𝐞 h ,   𝐞  r ,     𝐞  t - ,   𝐞    𝜏 1 ⟩ ) + Re  (  〈   𝐞 h ,   𝐞  r , y     𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ )


  + Re  (  〈   𝐞  t ,   𝐞  r , x   𝐞    𝜏 2 ,   𝐞    𝜏 1 ⟩ ) + Re  (  〈   𝐞  r , x   𝐞    𝜏 2 , y     𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ )


  + Re  (  〈   𝐞  t ,   𝐞  r , x   𝐞    𝜏 2 ,   𝐞    𝜏 1 ⟩ ) + Re  (  〈   𝐞  r , x   𝐞    𝜏 2 , y     𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ )


  𝜃  ( h ,   r ,   t ,   𝜏 ) = Re  (  〈   𝐞 h + x   𝐞    𝜏 2 ,   𝐞  r ,       𝐞  t + y   𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ )


    𝐞    𝜏 2  


    𝐞    𝜏 3


    𝐞 h


    𝐞  t


  ∀  ( h , r , t , 𝜏 )


  𝜃 ( h ,   r ,   t ,   𝜏 )   = 𝜃 ( t ,   r ,   h ,   𝜏 )


  Re  (  〈   𝐞  h   + x   𝐞    𝜏 2 ,     𝐞  r ,     𝐞  t + y   𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ ) = Re ( 〈   𝐞  t + x   𝐞    𝜏 2 ,   𝐞  r ,     𝐞 h + y   𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ )


  Re  (  〈   𝐞 h + x   𝐞    𝜏 2 ,   𝐞  r ,       𝐞  t + y   𝐞    𝜏 3 - ,     𝐞    𝜏 1 ⟩ )


  = Re  (  〈  〈   𝐞 h + x   𝐞    𝜏 2 ,     𝐞  t + y   𝐞    𝜏 3 - ⟩ ,  〈   𝐞  r ,   𝐞    𝜏 1 ⟩ ⟩ )


  = Re  (  〈  〈   𝐞 h + x   𝐞    𝜏 2 ,     𝐞  t + y   𝐞    𝜏 3 - ⟩ ,  〈   𝐞  r ,   𝐞    𝜏 1 ⟩ ⟩ )


  =   Re  (  〈  〈   a  h     a  t + x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b h   b  t + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 + i  ( −   a h   b    𝜏 2 − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 − x y   a    𝜏 3   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 ) ⟩ ,    ⟨   a  r   a    𝜏 1 −   b  r   b    𝜏 1 + i  (   a  r   b    𝜏 1 +   a    𝜏 1   b  r ) ⟩ ⟩ )


  =   Re  (  〈  〈   a  h     a  t + x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b h   b  t + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 + i  ( −   a h   b    𝜏 2 − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 − x y   a    𝜏 3   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 ) ⟩ ,    ⟨   a  r   a    𝜏 1 −   b  r   b    𝜏 1 + i  (   a  r   b    𝜏 1 +   a    𝜏 1   b  r ) ⟩ ⟩ )


  =    (   a h   a  t + x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b h   b  t + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 )  (   a  r   a    𝜏 1 −   b  r   b    𝜏 1 ) −  ( −   a h   b  t − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 − x y   a    𝜏 2   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 )  (   a  r   b    𝜏 1 +   a    𝜏 1   b  r )


  =    (   a h   a  t + x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b h   b  t + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 )  (   a  r   a    𝜏 1 −   b  r   b    𝜏 1 ) −  ( −   a h   b  t − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 − x y   a    𝜏 2   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 )  (   a  r   b    𝜏 1 +   a    𝜏 1   b  r )


  Re  (  〈   𝐞  t + x   𝐞    𝜏 2 ,   𝐞  r ,     𝐞 h + y   𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ )  


  = (   a  t   a h + x   a h   a    𝜏 2 + y   a  t   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b  t   b h + x   b h   b    𝜏 2 + y   b  t   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 ) (   a  r   a    𝜏 1 −   b  r   b    𝜏 1 ) − ( −   a  t   b h − x   a    𝜏 2   b h − y   a  t   b    𝜏 3 − x y   a    𝜏 2   b    𝜏 3 +   b  t   a h + x   a h   b    𝜏 2 + y   b  t   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 ) (   a  r   b    𝜏 1 +   a    𝜏 1   b  r )


  = (   a  t   a h + x   a h   a    𝜏 2 + y   a  t   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b  t   b h + x   b h   b    𝜏 2 + y   b  t   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 ) (   a  r   a    𝜏 1 −   b  r   b    𝜏 1 ) − ( −   a  t   b h − x   a    𝜏 2   b h − y   a  t   b    𝜏 3 − x y   a    𝜏 2   b    𝜏 3 +   b  t   a h + x   a h   b    𝜏 2 + y   b  t   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 ) (   a  r   b    𝜏 1 +   a    𝜏 1   b  r )


  A =   a h   a  t +   b h   b  t + x y   a    𝜏 2   a    𝜏 3 + x y   b    𝜏 2   b    𝜏 3


  B = x y   a    𝜏 3   b    𝜏 2 − x y   a    𝜏 2   b    𝜏 3


  B = x y   a    𝜏 3   b    𝜏 2 − x y   a    𝜏 2   b    𝜏 3


  X = x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3


  X = x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3


  X ′ = x   a h   a    𝜏 2 + y   a  t   a    𝜏 3 + x   b h   b    𝜏 2 + y   b  t   b    𝜏 3  


  X ′ = x   a h   a    𝜏 2 + y   a  t   a    𝜏 3 + x   b h   b    𝜏 2 + y   b  t   b    𝜏 3  


  Y = −   a h   b  t − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3


  Y = −   a h   b  t − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3


    Y ′ = −   a  t   b h − x   a    𝜏 2   b h − y   a  t   b    𝜏 3 +   b  t   a h + x   a h   b    𝜏 2 + y   b  t   a    𝜏 3


    Y ′ = −   a  t   b h − x   a    𝜏 2   b h − y   a  t   b    𝜏 3 +   b  t   a h + x   a h   b    𝜏 2 + y   b  t   a    𝜏 3


  U =   a  r   a    𝜏 1 −   b  r   b    𝜏 1  


  U =   a  r   a    𝜏 1 −   b  r   b    𝜏 1  


  V =   a  r   b    𝜏 1 +   a    𝜏 1   b  r  


  V =   a  r   b    𝜏 1 +   a    𝜏 1   b  r  


  ( A + X ) U − ( B + Y ) V = ( A + X ′ ) U − ( B + Y ′ ) V


  ⟺ ( X − X ′ ) U = ( Y − Y ′ ) V


  ⟺ ( X − X ′ ) U = ( Y − Y ′ ) V


   {    X −   X ′ = 0   V                     = 0   ⟺    {    x   a    𝜏 2                           = y   a    𝜏 3   x   b    𝜏 2                           = y   b    𝜏 3       a  r   b    𝜏 1 +   a    𝜏 1   b  r = 0


    𝐞    𝜏 2


    𝐞    𝜏 3


    a    𝜏 2


    a    𝜏 3


    a    𝜏 2


  ∀ ( h , r , t , 𝜏 )


  𝜃 ( h ,     r 1 ,   t , 𝜏 ) = 𝜃 ( h ,   r 2 , t , 𝜏 )


  Re  (  〈   𝐞 h + x   𝐞    𝜏 2 ,   𝐞    r 1 ,     𝐞  t + y   𝐞    𝜏 3 - ,   𝐞    𝜏 1 ⟩ ) = Re ( 〈   𝐞  t + x   𝐞    𝜏 2 ,   𝐞    r 2 ,     𝐞 h + y   𝐞    𝜏 3 - ,     𝐞    𝜏 1 ⟩ )


  Re  (  〈   𝐞  h   + x   𝐞    𝜏 2 ,   𝐞    r 1 ,     𝐞  t + y   𝐞    𝜏 3 - ,     𝐞    𝜏 1 ⟩ )


  = (   a h   a  t + x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b h   b  t + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 ) (   a    r 1   a    𝜏 1 −   b    r 1   b    𝜏 1 ) − ( −   a h   b  t − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 − x y   a    𝜏 2   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 ) (   a    r 1   b    𝜏 1 +   a    𝜏 1   b    r 1 )


  = (   a h   a  t + x   a  t   a    𝜏 2 + y   a h   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b h   b  t + x   b  t   b    𝜏 2 + y   b h   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 ) (   a    r 1   a    𝜏 1 −   b    r 1   b    𝜏 1 ) − ( −   a h   b  t − x   a    𝜏 2   b  t − y   a h   b    𝜏 3 − x y   a    𝜏 2   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b h   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 ) (   a    r 1   b    𝜏 1 +   a    𝜏 1   b    r 1 )


  Re ( 〈   𝐞  h   + x   𝐞    𝜏 2 ,   𝐞    r 2 ,       𝐞 h + y   𝐞    𝜏 3 - ,     𝐞    𝜏 1 ⟩ )


  = (   a h   a  t   + x   a  t   a    𝜏 2 + y   a  t   a    𝜏 3 + x y   a    𝜏 2   a    𝜏 3 +   b h   b  t + x   b  t   b    𝜏 2 + y   b  t   b    𝜏 3 + x y   b    𝜏 2   b    𝜏 3 ) (   a    r 2   a    𝜏 1 −   b    r 2   b    𝜏 1 ) − ( −   a h   b  t − x   a    𝜏 2   b h − y   a  t   b    𝜏 3 − x y   a    𝜏 2   b    𝜏 3 +   b h   a  t + x   a  t   b    𝜏 2 + y   b  t   a    𝜏 3 + x y   b    𝜏 2   a    𝜏 3 ) (   a    r 2   b    𝜏 1 +   a    𝜏 1   b    r 2 )


   {       x   a    𝜏 2                                                                                         = y   a    𝜏 3   x   b    𝜏 2                                                                                         = y   b    𝜏 3        a    𝜏 1  (   a    r 1 −   a    r 2 ) −   b    𝜏 1  (   b    r 1 −   b    r 2 ) = 0     b    𝜏 1  (     a  r 1 +   a    r 2 ) +   a    𝜏 1  (   b    r 1 +   b    r 2 ) = 0


  ⇔  {    x   a    𝜏 2 = y   a    𝜏 3   x   b    𝜏 2 = y   b    𝜏 3        a    𝜏 1 = 0     a    r 2   = −   a    r 1     b    r 2       =   b    r 1


   {    x   a    𝜏 2 = y   a    𝜏 3   x   b    𝜏 2 = y   b    𝜏 3        b    𝜏 1 = 0     a    r 2   =   a    r 1     b    r 2       = −   b    r 1


  x   a    𝜏 2 = y   a    𝜏 3


  x   b    𝜏 2 = y   b    𝜏 3


    a    𝜏 2


    a    𝜏 3


    b    𝜏 2


    b    𝜏 3


  x ≠ y


    a    𝜏 1 = 0


    b    𝜏 1 = 0


  𝛺 ( h , r , t , 𝜏 ) =   𝜆  1    (    ‖   𝐞  h   + x   𝐞    𝜏 2 ‖ 3 3   +    ‖   𝐞  r ‖ 3 3 +    ‖     𝐞  t + y   𝐞    𝜏 3 - ‖ 3 3 ) +   𝜆 2  Λ 3  (   𝐞  𝜏 )


  𝛺 ( ∙ )  


   Λ 3 ( ∙ )


    𝜆 1


    𝜆 2


     ‖ ∙ ‖ 3 3


    𝐞  𝜏  


    𝐞    𝜏 1


    𝒆    𝜏 2


    𝐞    𝜏 3


   Λ 3  ( 𝐞 ) =  1   | 𝐞 | − 1   ∑  i = 1   | 𝐞 | − 1     ‖   𝐞  i + 1 −   𝐞  i ‖ 3 3  


  ℒ = −  log ⁡   (    exp ⁡   ( 𝜃  ( h , r , t , 𝜏 ) )    ∑    t ′ ≠ t ∩ t ∈ ℰ   exp ⁡   ( 𝜃  ( h , r , t ′ , 𝜏 ) ) )


  𝜃 ( ∙ )


  𝜃 ( ∙ )


  ℒ = − 𝜃 ( h , r , t , 𝜏 ) +  log ⁡   (   ∑    t ′ ≠ t ∩ t ∈ ℰ   exp ⁡   ( 𝜃  ( h , r , t ′ , 𝜏 ) ) ) + 𝛺  ( h , r , t , 𝜏 )


  𝒢


  k


    𝜆 1


    𝜆 2


  x


  y


  b


  T


  𝒢


  B


  T


  i ← 0


  i


  B


    B  i


  b


    i  t h


  B


  V


    B  i


  P


    R 1


    R 2


    B  i


  𝛺 ( h ,   r , t , 𝜏 )


    𝜆  1     R 1   +     𝜆 2   R 2


  ℒ  


  P ,   V


  𝛺 ( h ,   r , t , 𝜏 )


  i ← i + b


  2 d (  | ℰ | + 4  | ℛ | +  | 𝒯 | )


  2 d  (  | ℰ | + 2  | ℛ | + 3  | 𝒯 | )


  2 d  (  | ℰ | + 2  | ℛ | + 3  | 𝒯 | )


  2 d  | ℰ |


  2 × 2 d | ℛ | = 4 d | ℛ |


  2 × 3 d | 𝒯 | = 6 d | 𝒯 |


  Ο  ( 2 d  (  | ℰ | + 2  | ℛ | + 3  | 𝒯 | ) )


  Ο  ( 2 d  (  | ℰ |   + 2  | ℛ | + 3  | 𝒯 | ) )  


  Ο ( 3 d )


  (   𝜏 2 ,     𝜏 3 )


  Ο ( d )


  Ο ( d )


  𝒬


  Ο ( d )


   | 𝒬 |


  Ο ( d  | 𝒬 | )


  Ο  ( 2 d  (  | ℰ | + 2  | ℛ | + 3  | 𝒯 | ) )


  Ο ( d  | 𝒬 | )


  Ο ( d )


  Ο  ( 2 d  (  | ℰ | + 2  | ℛ | + 3  | 𝒯 | ) )


  Ο ( d  | 𝒬 | )


  Ο  ( 2 d  (  | ℰ | + 2  | ℛ | + 3  | 𝒯 | ) )


    𝜆 2


    𝜆 2


  x


  y


    𝜆 1


    𝜆 2


  x


  y


  x


  y


  x


  y


  x


  y


   ( h , r , 𝜏 )


   ( r , t , 𝜏 )


  ×


  ×


  ×


  ×


  ×


  ×


  ×


  ×


  ×


   h q


      𝐡 q


    𝐙 s


    𝐐 S


    𝐞 s


    𝐞 r


    𝐐 S


    𝐐  𝐒 =   𝐖    𝐪  𝐒    [   𝐞  𝐬 ⨁   𝐞  𝐫 ]


   W   q S ∈  ℝ  2 d × d


    𝐞 s


    𝐞 r


    𝐐 S ∈  ℝ  1 × d


  ⨁


    𝐊 S  [ i ]


    𝐕 S  [ i ]


    𝐡   e I


    𝐕 S  [ i ] = σ  (   𝐡   r i ∘  W   v S    [   𝐡   e i ⨁   𝐡  𝐬 ] )


    𝐊 S  [ i ] =  W   k S  [   𝐡   e i ⨁   𝐡   r i ]


    𝐖   v S ∈  ℝ  2 d × d


    𝐖   k S ∈  ℝ  2 d × d


  σ  ( ⋅ )


    𝐐 S


    𝐊  S [ i ]


    𝐕  S  [ i ]


   α s  [ 1 : n ]


   α S = Softmax  (     𝐐 S   𝐊 S T   d )


   α S ∈  ℝ   |   𝒩 s |


    𝐡 s ′ =   ∏  y = 1 Y    ∑  i = 1 n   α S k  [ i ]   𝐕 S k  [ i ]


    𝐡 s ′


   ℝ Yd


      𝐡 s ′


    𝐡 s l = LN  ( σ  (   𝐡 s ′  W 1 l ) +   𝐡 s  l − 1 )


   W 1 ∈  ℝ  Yd × d


    𝐡 s  l − 1


    𝐡 s


    𝐡 q


    𝐇 s


    𝐇 s


    𝐇 s =  [   𝐡  s , t − m ⨁   𝐡  s , t − m + 1 ⨁ … ⨁   𝐡  s , t − 1 ]


    𝐇 s


   ℝ  m × d


    𝐇 s


    𝐡   r q


    𝐇 s  


    𝐡   r q


    𝐱 q =   Conv 1 d ⁡  (  [   𝐇 s ⨁   𝐡   r q ] )


   [   𝐇 s ⨁   𝐡   r q ] ∈  ℝ  2 × md


    𝐱 q ∈  ℝ  c × md


    𝐱 q


    𝐇 s


    𝐇 s = LN  ( W   𝐱 q + 𝐛 +   𝐇 s )


    𝐇 s


    𝐐 ′


    𝐡   r q


   W q


    𝒉    r  q


    𝐐 ′


   ℝ  1 × d


    𝐊 ′


    𝐇 s


   W k


    𝐊 ′


   ℝ  m × d


    𝐇 s


   W v


   ℝ  m × d


    𝐐 ′ =  W q   𝐡   r q


    𝐊 ′ =  W k   𝐇 s


  𝐕 =  W v   𝐇 s


   W q ,  W k ,  W v ∈  ℝ  d × d


  trend  ( ⋅ )


  season  ( ⋅ )


  trend  ( t ) =  tanh ⁡   (  w t t )


  season  ( t ) =  sin ⁡   (  w t t )


   w t ∈  ℝ d


  𝐐 =  [   𝐐 ′ ⨁ trend  (  t q ) ⨁ season  (  t q ) ]


  𝐊 =  [   𝐊 ′ ⨁ trend  ( t ) ⨁ season  ( t ) ]


   ℝ  1 × 3 d


   ℝ  m × 3 d


   t s =  [ t − m   ⨁   t − m + 1   ⨁   …   ⨁   t − 1 ]


   t s


   ℝ m


   h q ′ =   ∏  h = 1 H    ∑  j = 1 m  α  [ j ] 𝐕  [ j ]


  α ∈  ℝ m


  softmax  (    QK T   2 d )


    𝐡 q l = LN  ( ψ  (   𝐡 q ′  W 2 l ) +   𝐡 q  l − 1 )


   W l 2 ∈  ℝ  Hd × d


    𝐡 q  l − 1


    𝐡  q


      𝐞  r  


    𝐞  s


    𝐦 c p =  m c  (   𝐡 q ,     𝐞 r ,     𝐞 s , p )


  


   w c


  p ∈  [ 0 , d − 1 ]


      𝐡 ^ q ,       𝐡 ^ r ,     𝐡 ^ s


    𝐡 q ,     𝐞 r ,     𝐞 s


    𝐌 c  (   𝐡 q ,     𝐞 r ,     𝐞 s )


   [   𝐦 c 0 ,   𝐦 c 1 , … ,   𝐦 c  d − 1 ]


    𝐌 c ∈  ℝ  c × d


    𝐬 𝐜 𝐨 𝐫 𝐞 global = ReLU  ( vec  (   𝐌 c )  W 3 )   𝐇 E T


    𝐌 c


    𝐌 c


   W 3 ∈  ℝ  cd × d  


    𝐇 E ∈  ℝ   | E | × d


    Z s


    𝐬 𝐜 𝐨 𝐫 𝐞 local =  (  [   𝐞 s  ⨁    𝐞 r ⨁     𝐡 q ]  W 4 )   𝐇   Z s T


   W 4 ∈  ℝ  3 d × d


    𝐇   Z s


    Z s


  𝐬 𝐜 𝐨 𝐫 𝐞 = softplus  (  [   𝐬 𝐜 𝐨 𝐫 𝐞 global ⨁      𝐬 𝐜 𝐨 𝐫 𝐞 local ] )


   t q


     t ^ q =   ∫   t L ∞  τ . λ  ( τ |  o ,    F s ) d τ


   t L


  λ  ( . )


  τ


     t ^ q ≈     ∑  i = 1 L     t i −  t  i − 1 2  (  t i λ  (   t i |  o , r ,  F s ) +  t  i − 1 λ  (   t  i − 1 |  o , r ,  F s ) )


   t  I


   t  i − 1


  λ


  λ  (   t i |  o , r ,  F s ) = 𝐬 𝐜 𝐨 𝐫 𝐞  ( o |  s , r ,  t i ) . exp  ( −   ∫   t L   t i  τ 𝐬 𝐜 𝐨 𝐫 𝐞  ( o |  s , r , τ ) d τ )


   t i


   t L


   t q


   ℒ e

